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NUMERICAL SOLUTION OF THE MONGE–KANTOROVICH PROBLEM
BY DENSITY LIFT-UP CONTINUATION

Afaf Bouharguane1, Angelo Iollo1 and Lisl Weynans1

Abstract. We present an numerical method to solve the L2 Monge–Kantorovich problem. The method
is based on a continuation approach where we iteratively solve the linearized mass conservation equation,
progressively decreasing a constant lift-up to map compact support densities in the limit. A Lagrangian
as well as an Eulerian integration scheme are proposed. Several examples relative to the transport of
two-dimensional densities are investigated, showing that the present methods can significantly reduce
the computational effort.
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1. Introduction

Optimal transportation is increasingly used to model problems in mechanics, physics, image analysis and
other fields, see e.g. [12] and references therein. Because of all these applications, this old topic first introduced
by Monge in 1781 [8], has attracted considerable attention these last years especially from a numerical point of
view [1–3, 5, 6, 9, 10]. Indeed, compared to the theoretical results already obtained, the discrete solution of this
problem still poses challenging problems in terms of computational burden and accuracy.

In this work we focus on the numerical solution of the L2 Monge–Kantorovich problem (MKP) defined as
follows. Let ρ0(ξ), ρ1(x) be two smooth enough non-negative scalar density functions with compact support Ω0

and Ω1, where ξ, x ∈ Rd and d is the space dimension. We assume that
!

Ω0

ρ0(ξ)dξ =
!

Ω1

ρ1(x)dx.

Let X : Ω0 → Ω1 a smooth one-to-one map such that X(ξ) realizes the transfer of ρ0 onto ρ1, i.e., a map that
satisfies the following Jacobian equation:

ρ0(ξ) = det(∇X(ξ))ρ1(X(ξ)).
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This equation is underdetermined with respect to X(ξ) and a solution is selected among all possible maps by
introducing the following L2 Kantorovich–Wasserstein distance:

inf
X

!

Ω0

ρ0(ξ)|X(ξ) − ξ|2dξ.

The L2 MKP corresponds to finding a map X∗ such that this infimum is achieved. It has been proved that this
problem admits a unique solution [4, 11, 12], which is the gradient of a.e. convex function Ψ : Ω0 → R:

X∗(ξ) = ∇Ψ(ξ).

In the scientific computing literature, there exist two class of methods to approximate this problem. The first
one is based on a direct solution of the Monge–Ampere equation (MAE):

ρ0(ξ) = det(∇2Ψ(ξ))ρ1(∇Ψ(ξ)).

The difficulty in approaching the problem in this way is that the boundary conditions of this equation are not
known a priori. Instead, the solution must verify the constraint X(Ω0) = Ω1. For the solution of the MAE with
Dirichlet b.c. a recent numerical study in two dimensions is discussed in [5], where the solution is obtained via
a least-square formulation. The full MKP solution via a MAE was considered in [3]. The numerical method
employed is based on the solution of MAE with boundary conditions that are iteratively updated to converge
to the MKP solution.

In a recent work, Saumier et al. [10] propose a Newton algorithm to solve the L2 MKP for smooth periodic
densities bounded away from zero. This method is an extension of the scheme proposed by Loeper and Rapetti
for the solution of the MAE on a torus [7] for which convergence is ensured. The convergence of this Newton
algorithm relies on the assumption that the initial and final densities are bounded away from zero, as the under-
relaxation parameter of the Newton update is vanishingly small when the density support becomes compact.

Another class of methods moves on from ideas of continuum mechanics. Benamou and Brenier (BB) nu-
merically solved the MKP by using an augmented Lagrangian method [2]. In their formulation a temporal
dimension is introduced so that, given Π : [0, 1] × Ω0 → Rd, with Π(0, ξ) = ξ, Π(1, ξ) = X(ξ), x = Π(t, ξ) and
∂tΠ = v(t, x), the MKP amounts to the solution of

inf
ρ,v

!

Rd

ρ(t, x)|v(t, x)|2 dx,

where the infimum is taken among all densities ρ(t, x) ≥ 0 and velocity fields v(t, x) ∈ Rd satisfying the
continuity equation

∂tρ + ∇ · (ρv) = 0,

and the initial and final conditions:
ρ(0, ·) = ρ0, ρ1(1, ·) = ρ1.

The BB method results in a robust and viable discrete minimization problem under constraints which admits a
unique solution. However, since it is a gradient method in space-time, the computational cost may be relevant.
Also, numerical diffusion of the transported densities is observed in the simulation of the transport for inter-
mediate times. A recent improvement of the minimization method at the base of the BB algorithm is proposed
in [9]. Using proximal splitting schemes the authors were able to solve difficult transport problems in presence
of geometric constraints.

A yet different approach is devised in [1]. The idea is to first consider a mass preserving mapping, not
necessary optimal, between the initial and final distributions and then to solve a PDE up to steady state in
order to rearrange the non-optimal mapping into an optimal one. It is shown that also this approach leads to a
gradient-based minimization problem for which many gradient steps are usually needed to converge.



BB	action	formulation	of	MKP

The model writes:

with the initial and final condition:

and no initial condition for q!



GrassmannManifold	Interpolation
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Let gl(n) be the set of all n⇥ n matrices with real entries, equipped with
the Euclidean inner product

hX, Y i = tr
�
X>Y

�
, X, Y 2 gl(n). (2.1)

The subset of gl(n) of all symmetric matrices will be denoted by s(n) and
the subset of all skew-symmetric matrices by so(n). It is well known that

gl(n) = s(n)� so(n), (2.2)

is a Cartan decomposition of the Lie algebra gl(n). In particular, if [., .]
denotes the usual commutator of matrices ([A,B] = AB � BA), one has

[so(n), so(n)] ⇢ so(n), [so(n), s(n)] ⇢ s(n), [s(n), s(n)] ⇢ so(n). (2.3)

Also, so(n) and s(n) are orthogonal with respect to the inner product (2.1).
Throughout the paper, we adopt the following definition for the Grassmann

manifold (or Grassmannian),

Gn,k :=
�
P 2 s(n) : P 2 = P and rank(P ) = k

 
. (2.4)

Smooth curves onGn,k can be parameterized explicitly by ↵(t) = ⇥(t)P⇥(t)T ,
where ⇥ is a smooth curve on the orthogonal Lie group O(n). In order to
characterize the tangent space of Gn,k at a point P , TPGn,k, one considers
any smooth curve, t 7! ↵(t) = ⇥(t)P⇥(t)T , satisfying ↵(0) = P and derives
conditions for ↵̇(0). Since ⇥(0) = I and the tangent space of O(n) at the
identity I is so(n), one has ⇥̇(0) = ⌦ 2 so(n), ↵̇(0) = [⌦, P ], and, therefore,

TPGn,k =
�
[⌦, P ] : ⌦ 2 so(n)

 
. (2.5)

It follows that the Riemannian metric induced by the Euclidean inner product
(2.1) can be defined as

h[⌦1, P ], [⌦2, P ]i = �tr
�
⌦1⌦2

�
, (2.6)

for ⌦1,⌦2 2 so(n).
For more details on the di↵erential geometric structure of the Grassman-

nian, we refer to [6] and [1].
For P an arbitrary point in the Grassmannian Gn,k, define the following

sets of matrices

glP (n) := {M 2 gl(n) : M = PM +MP};

sP (n) := s(n) \ glP (n);

soP (n) := so(n) \ glP (n).
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We also need the following extra properties.

Lemma 3.2. For P 2 Gn,k and M 2 glP (n), the following identities hold:

1. sinhM = P sinhM + sinhM P ;
2. P sinhM P = 0;
3. coshM P = P coshM = P coshM P ;
4. eMP � P e�M = sinhM.

Proof : To conclude that the first three properties hold, it is enough to apply
Lemma 2.1, after noticing that

eM = sinhM + coshM,

where sinhM and coshM are defined through the Taylor series expansions

sinhM =
+1X

n=0

M 2n+1

(2n+ 1)!
and coshM =

+1X

n=0

M 2n

(2n)!
.

The last property follows from the previous, since

eMP � P e�M = coshM P + sinhM P � P coshM + P sinhM

= P coshM + sinhM P � P coshM + P sinhM

= sinhM.

In order to obtain the geodesic distance between points P and Q in the
Grassmannian Gn,k, we need to solve the equation e⌦P e�⌦ = Q with respect
to ⌦. The next theorem is the main result of this section. In order to
understand the restrictions put on P and Q in the statement below, we
recall that if a nonsingular matrix Y has no negative real values, then there
exists a unique matrix A such that eA = Y and whose spectrum lies in the
horizontal strip {z 2 C : �⇡ < Im(z) < ⇡}, [10]. This unique matrix A is
called the principal logarithm of Y and we write A = log Y . In the following,
I denotes the n⇥ n identity matrix.

Theorem 3.3. Let P,Q 2 Gn,k and let ⌦ 2 soP (n) be such that Q = e⌦P e�⌦.
Then

⌦ =
1

2
log((I � 2Q)(I � 2P )). (3.12)
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Proof : Before starting the proof, notice that we are assuming that P and
Q can be joined by a geodesic. So, there is an implicit condition on these
two matrices, namely that the orthogonal matrix (I � 2P )(I � 2Q) has no
negative real eigenvalues.
Using the last identity in Lemma 3.2, we can write the following identities

e⌦P e�⌦ = (sinh⌦+ P e�⌦)e�⌦

=
�
1
2(e

⌦ � e�⌦) + P e�⌦
�
e�⌦

= P e�2⌦ + 1
2I �

1
2e

�2⌦.

Therefore,
e⌦P e�⌦ = Q () (P � 1

2I)e
�2⌦ = Q� 1

2I

Solving the above equation for ⌦ and taking into account that 2P � I is
orthogonal yields the result.

Taking into account Theorem 3.3, the minimizing geodesic with respect
to the Riemannian metric (2.6) that joins P , at t = 0, to Q, at t = 1, is
parameterized explicitly by

�(t) = e
t
2

log((I�2Q)(I�2P ))P e�
t
2

log((I�2Q)(I�2P )), (3.13)

and thus the geodesic distance between points P and Q is given by

d2(P,Q) = �1

4
tr
�
log2((I � 2Q)(I � 2P ))

�
. (3.14)

Before proceeding, we recall some important properties of the matrix ex-
ponential and logarithm. The first property that we would like to point out
is the fact that, for any non-singular matrices A and B, for which logB is
defined, we have [10],

A�1(logB)A = log
�
A�1BA

�
.

Next, we recall some results concerning the derivative of the exponential
and the logarithm mappings that will be very useful in the next sections.

Lemma 3.4. ([21], [24]) If t 7�! X(t) is a di↵erentiable function in gl(n),
then

d

dt
expX(t) =

eu � 1

u

����
u=adX(t)

�
Ẋ(t)

�
exp

�
X(t)

�
,

where
eu � 1

u
denotes the sum of the series

+1X

m=0

um

(m+ 1)!
.



Non-linear	interpolation	at	work

• Pitching	Airbus	Crank	Airfoil,	k0=0.04

– Inviscid	flow,	resolved	on	a	fixed	cartesian grid

– Database	for	range	of	oscillating	frequency	k=	[0.02	:	5]

– 9	simulations,	frequency	varying	by	a	factor	2
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FOM	+	POD	bc	in	non-linear	region
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FOM	+	POD	bc	in	linear	region
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Idea

1. Given	a	database	 of	simulations	 generated	 by	your	 favorite	 full	order model

2. Calculate	 the	mapping	 between	 these	snapshots:	 the advection	 mode

3. Use	these	modes	 in	order	 to	generate	 new	artificial snapshots

4. Enrich	 your	database	 with	 these	snapshots	
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Hybrid	database	evaluation	

POD	1:	Full	 order	simulations

POD	2:	Enriched

Verification:	Full	order	simulations	
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Final	remarks

• The right geometry for parameter interpolation is important

• Transport seems promising

• Wasserstein distance useful to cluster a data base

• Still a lot of work needs to be done for ROMs: how to actually 

build the model, convergence, error bounds…
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