
A reduced-order  model  for  NS  equations  from  boundary  
matching  and  OT

Angelo	   Iollo Michel	  Bergmann	  	  Andrea	  Ferrero
Institut de	  Mathématiques de	  Bordeaux	  
Inria Memphis	  Team	  

Haysam Telib
Optimad Engineering,	   Italy

SIAM	  Conference	  on	  Computational	  Science	  and	  
Engineering	   -‐ Atlanta	  



Convergence	  between	  data	  and	  modelling	  

• Parameter  space  sampling

• Approximation  space

• ROM

• Numerical  solution



• Parameter  space  sampling

• Approximation  space

• ROM

• Numerical  solution

Convergence	  between	  data	  and	  modelling	  



Convergence	  between	  data	  and	  modelling	  Convergence	  between	  data	  and	  modelling	  

• Computationally  efficient  (fast  on-line  solution)

• Predictive  

• Reliable   (error  indicators)

• Convergent



Rankine	  vortex	  past NACA0012:	  Re=1000,	  α=5°



Space of	  the	  parameters
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Figure 6: Lift coe�cient history (Full CFD simulations included in the POD database).

Figure 7: Reconstruction error on the velocity magnitude (normalised w.r.t. U1) and box chosen for the hybrid CFD
simulation ( R = 0.1U1) according to the leave-one-out analysis

structure. The plot shows that, in the considered example, the best choice for the overlapping520

region can be obtained by setting the threshold on the reconstruction error equal to O = 6% of521

U1. It is interesting to see that when the threshold is chosen far from this optimal value, the error522

on the maximum lift coe�cient is almost constant. This optimum choice corresponds to include523

30% of the points in the hybrid CFD domain into the overlapping region, according to Table 2.524

An alternative criteria can be defined by computing the L2-norm of the lift coe�cient in the525

simulated time interval. The plot of this error as a function of O is reported in Figure 9. The526

optimum value is in this case located between 6% and 7% of U1 and changes slightly for the527

di↵erent configurations.528
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Approximation	  error	  map

Figure 4: First four POD modes for the y-component of the velocity field (energy decreasing from top to bottom).

The CFD domain for the hybrid simulations is chosen by defining a threshold on the recon-493

struction error ( R = 10%U1) and by choosing a rectangular box which contains all the points494

characterised by an error larger than this threshold:495

⌦CFD =
n

x = {x, y}T : �1 < x < 3,�0.5 < y < 0.5
o

� {x 2 ⌦ : e(x) > 0.1U1} (20)

The corresponding hybrid CFD domain (�1 < x < 3; �0.5 < y < 0.5) is represented by the496

black rectangle shown in Figure 7. The mesh resolution in the hybrid simulation is equal to the497

mesh resolution of the full CFD simulations (100 points on the chord of the airfoil) and so the498

hybrid simulations are performed on a grid with 400 ⇥ 100 points. The CFD code used for these499

simulations requires the imposition of boundary conditions for the variable u⇤ and the pressure500

at the end of the time step. For this reason, the velocity POD model is built from snapshots of501

the variable u⇤ and also the coupling projection (Eq. 10) is performed with reference to this502
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4. An error indicator based on a leave-one-out strategy291

The hybrid approach requires to split the computational domain in a region described by the292

high fidelity solution and a region described by the POD model. However, it is not clear how to293

perform this splitting a priori. In order to answer this question an error indicator based only on294

the data present in the database is proposed.295

The basic idea is to identify the regions in which the flow field is strongly a↵ected by a change296

in the working conditions or in the design parameters. In order to find these zones it is possible297

to apply a leave-one-out strategy to the simulation database. The procedure requires to remove298

iteratively each configuration from the database and to use the remaining configurations to build299

a POD basis which is used to approximate the missing configuration.300

In order to clarify this strategy, it will be applied to the velocity field but the same analysis can be301

performed on any variable which appears in the governing equations. The database contains Ndb302

simulations and there are Nk
s snapshots related to the kth simulation. Remove the Nk

s snapshots303

of the kth simulation from the database and use the remaining snapshots to build a POD basis304

defined on the entire domain ⌦. The missing snapshots (uk
j) are projected onto the POD basis in305

the domain ⌦:306

PPOD(uk
j(x)) = fu(x, t) +

N
X

i=1

⇣

uk
j(x),�i(x)

⌘

⌦
�i(x) (16)

The obtained projection (PPOD(uk
j)) is compared with the high fidelity snapshot (uk

j). The di↵er-307

ences between these two fields are used to define an error indicator (ek
j(x)) which represents an308

estimate of the error that would be associated to the prediction of new configurations out of the309

database. When the analysis is applied to the velocity field a possible approach is to define the310

error indicator as the error on the velocity magnitude:311

ek
j(x) =

�

�

�||uk
j(x)||2 � ||PPOD(uk

j)(x)||2
�

�

� (17)

The maximum of the reconstruction error (ek(x)) is computed between all the Nk
s snapshots312

of the removed kth simulation. The procedure is repeated for all the simulations in the database.313

Finally, the maximum of the reconstruction error between all the configurations is computed314

(e(x)). The pseudocode reported in the Algorithm 1 summarises the method.315

Algorithm 1 Compute error indicator
1: for (k=1, Ndb) do{
2: Remove the Nk

s snapshots of the kth simulation from the database
3: Build a POD basis with the remaining snapshots
4: for ( j=1, Nk

s ) do{
5: Compute the projection (PPOD(uk

j)) of the snapshot uk
j onto the POD basis

6: Compute the error indicator field ek
j(x) =

�

�

�

�

||uk
j(x)||2 � ||PPOD(uk

j)(x)||2
�

�

�

�

}
7: ek(x) = max8 j(ek

j(x))
}

8: e(x) = max8k(ek(x))

The procedure is simplified when steady problems are considered because in that case there316

is only one snapshot for each simulation(Nk
s = 1,8k).317

318
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Zonal	  Galerkin-‐free	  POD	  model

M.	  Buffoni,	  H.	  Telib,	  A.	  Iollo
Iterativemethods for	  model	  reduction by	  domaindecomposition Computers	  &	  Fluids,	  2009



Zonal	  Galerkin-‐free	  approach



Space of	  the	  parameters
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Predictions
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Parsimony	  and	  interpolation



Parsimony	  and	  interpolation



Prediction	  of	  a	  new	  configuration	  with	  subsonic	  fields
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Prediction	  of	  a	  new	  configuration	  with	  subsonic	  fields

CFD sim. at M_is=0.7 and M_is=0.8.
Prediction of M_is=0.75 by performing convex linear combination:

U_new=a1*U0.7+(1-a1)*U0.8



Parsimony	  and	  interpolation



Prediction	  of	  a	  new	  configuration	  with	  transonic	  fields

CFD sim. at M_is=0.7, M_is=0.95 and  M_is=1.2.
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Prediction	  of	  a	  new	  configuration	  with	  transonic	  fields

CFD sim. at M_is=0.7 and M_is=1.2.
Prediction of M_is=0.95 by performing convex linear combination:

U_new=a1*U0.7+(1-a1)*U1.2



Prediction	  of	  a	  new	  configuration	  with	  transonic	  fields
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CFD	  at	  Mach=3 CFD	  at	  Mach=4
Vo	  tras Hypersonic  flow:  compressible  Euler

Left  M_inf=3  Right  M_inf=4



Pressure	  distribution	  along the	  x-‐axis



Determination	  of	  advection	  modes
BB	  action	  formulation	  of	  MKP

The  model  writes:

with  the  initial  and  final  condition:

and  no  initial  condition  for  q!



Determination	  of	  artificial	  snapshots

The  model  writes:

with  the  initial   conditions:

new  snapshots  are  the  solution  at  intermediate  times,  e.g.  t=0.5



Pressure	  distribution	  along the	  axis



Non-‐linear	  interpolation	  at	  work
• Pitching	  Airbus	  Crank	  Airfoil,	  k0=0.04

– Inviscid	  flow,	  resolved	  on	  a	  fixed	  cartesian grid
– Database	  for	  range	  of	  oscillating	  frequency	  k=	  [0.02	  :	  5]
– 9	  simulations,	  frequency	  varying	  by	  a	  factor	  2
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1st pressure	  mode



4th pressure	  modes



FOM	  +	  POD	  bc	  in	  non-‐linear	  region
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FOM	  +	  POD	  bc	  in	  linear	  region
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Idea

1. Given	  a	  database	  of	  simulations	  generated	  by	  your	  favorite	  full	  order model

2. Calculate	  the	  mapping	  between	  these	  snapshots:	   the advection	  mode

3. Use	  these	  modes	  in	  order	  to	  generate	  new	  artificial snapshots

4. Enrich	  your	  database	  with	  these	  snapshots
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Artificial	  snapshot	  vs FOM	  result



Hybrid	  database	  evaluation	  

POD	  1:	  Full	  order	  simulations
POD	  2:	  Enriched

Verification:	  Full	  order	  simulations	  

t
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Final	  remarks

• Sampling  error  analysis  

• Galerkin-free  zonal  approach  is  a  viable  and  robust  compromise  

FOM-ROM

• Residual  minimization  seems  a  reasonable  modeling  approach  

but…

• Sampling,  interpolation,  transport,  parsimony  
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